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, $nxn$ $A$ $\det(A)$
. $n$ 2 3 ,







, ( ) LU .
, $PA=LU$ $A$ LU . , $P$
, $L$ , $U$ . , $\det(A)$
:
$\det(A)=\det(P^{T}LU)=\det(P)\det(U)$ (1)
, $\det(P)$ , LU , $\det(U)$ $U$
, .
, LU , (1) ,
.
, $\det(A)$ , . , $A$
$(\det(A)\neq 0)$ , $L,$ $U$ . , $x_{\iota}$ $x_{u}$
$L$ $U$ . , $B:=X_{L}PAX_{U}$ . , $\det(X_{L})=1$
$\det(B)=\det(P)\det(A)\det(X_{U})$
. , $\det(X_{U})\neq 0$
$\det(A)=\frac{\det(P)\det(B)}{\det(X_{U})}$ (2)
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. , $A$ , $B$ . ,
$\det(B)\approx 1$ $B$ . Gershgorin , $B$
, $\det(B)$ .
, (2) , $\det(A)$ .
, Rump [7]
INTLAB [6] 1.
2.1 (Rump [7]) $\det(A)$
function $s$ . vdet (A)
[$L,U$ , Pl . lu (A) ; $/|$ LU factorizat $i$on
P. sparse (P);
I . speye (size $(\Lambda)$ ); $/_{1}I$ : identity matrix
$XL$ . I $/L$ , $|/$ Solve $X*L$ . I
$XU\cdot U\backslash I$ ; $/|$ Solve $U*X$ . I
$BzXL*intval$ (P*A)*XU;
$c\cdot mid$ ( $di$ag $(B)$ );
$r$ . mag (sum(B-diag $(c),2$));
$g\cdot midrad(c.r)$ ; $|/$ Gershgorin circle
$s$ . det (P)*prod (g)/prod ( $i$ntval (diag(XU)));
2.2






3.1 (Bronnimann et al. [1]) $F$ $nxn$ . $\Vert\cdot||$
, $||F||<1$
$\det(I+F)>0$
. , $I$ $nxn$ .





1 [7] Matlab .
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$\det(P)\det(I+E)\det(A)=\det(L)\det(U)$
. $\det(L)=1$ $\det(P)=\det(P)^{-1}=\pm 1$
$\det(I+E)\det(A)=\det(P)\det(U)$ (5)
.
sign$(\det(I+E))\cdot sign(\det(A))=\det(P)\cdot sign(\det(U))$ (6)
. , $\det(U)$ ( ) , $U$ ( )
.
, (5), (6) 3.1 , .
3.2 $A$ $nxn$ . $L,$ $U,$ $P$
, . . $E:=P^{T}LUA^{-1}-I$ $d:=diag(U)$ .
, $\Vert E||<1$
$\det(A)=\frac{\det(P)}{\det(I+E)}\prod_{i=1}^{n}d_{i}$
sign$(\det(A))=\det(P)$ . sign $( \prod_{1=1}^{n}d_{i})=\det(P)\cdot\prod_{i=1}^{n}sign(d_{i})$
.
$\Vert E\Vert\ll 1$ , $I+E$ , $\det(I+E)\approx 1$ . Gershgorin
, $I+E$ , $\det(I+E)$
. , $e$ $:=(1, \ldots, 1)^{T}\in \mathbb{R}^{n},$ $r$ $:=|E|e$ . $||E||_{\infty}= \max\iota^{r}\iota$ ,
$r_{1},r_{2},$ $\ldots,$ $r_{n}$ Gershgorin . , $||E\Vert_{\infty}<1$
$0< \prod_{1=1}^{n}(1-r_{i})\leq\det(I+E)\leq\prod_{i=1}^{\mathfrak{n}}(1+r_{i})$ (7)
. , , $n\Vert E||_{\infty}<1$
$1-n \Vert E||_{\infty}\leq\det(I+E)\leq\frac{1}{1-n\Vert E\Vert_{\infty}}$ (8)
.
, .
3.3 $A$ $nxn$ . $P,$ $E,$ $d$ 32 .









. , $||A^{-1}||_{\infty}$ $|LU-PA|$








$\bullet$ $[3, 5]$ : 9$n^{3}$ flops ($R$ : $z^{n}43$ flops, I–RA : $4n^{3}$ flops)
$\bullet$ [3]: $z^{n}23$
$\bullet$ [4]
, Oishi-Rump [3] . , $A$ LU
$[L,U,P]$ . $1u(A)$ ;
, $\Vert A^{-1}||_{\infty}$ Matlab .
3.4 (Oishi-Rump [3]) $||A^{-1}\Vert_{\infty}$
function $c-fastinvnorm(L,U)$
$n\Rightarrow$ length(L); $/|$ dimension
I . speye (n);
$XL\cdot 1/L$ : $/|$ Solve $X*L=$ I
XU $-1/U$ ; $/|$ Solve $X*U\Leftrightarrow 1$
Eps $=2^{-}-53$ ; /. machine epsilon
$e\approx$ ones $(n.1)$ ;
setround $(+1)$ $/|$ rounding upward8
vl . abs $(XU)*(abs(XL)*(ab\epsilon(L)*(abs(U)*e)))$ ;
v2 . abs $(XU)*(abs(U)*e)$ ;
gam . $n*Eps/-(n*Eps-1)_{i}$ $/|$ gam $>\cdot n*Eps/(1-n*Eps)$
v3 . gam $*(2*v1+v2)$ ;
alpha $\approx$ norm($v3$ . inf); /. upper bound for norm($I-R*A$ . inf)
if alpha $>\not\in 1$
setround(0) /. rounding to nearest
error (’ A is too $i11-conditioned$ . ‘)
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end
v4 $=$ abs $(XU)*(abs(XL)*e)$ ;
$c=$ norm($v4$ . inf) / $-(alpha- 1)$ ; /. upper bound for norm(inv(A), inf)
getr$0$und (0)
return
3.5 $\Vert A^{-1}\Vert$ . $A$ $\mu>0$
. , $\Vert A^{-1}\Vert_{2}$ $1/\mu$ .




, $O(n^{2})$ flops .
3.6 , LU-PA
. $O(n^{3})$ flops , $LU$ ,
, (BLAS ,
), (13) .




function $s$ . fastsigndet (A)
$n$ . length(A); Eps $\sim 2-53j$
$[L,U,P]\approx$ 1u(A); $P\cdot$ sparse (P) $j$
detP $=$ det (P);
$c=fastin\bm{e}norm(L,U)_{j}$ $/|$ 2
setround $(+1)$
gam . $n*Eps/-(n*Bps-1)$ ’
v-lu $=$ abs $(L)*(abs$ (U)*ones $(n,$ $1))_{1}$
$norm_{-}E=$ gam $*c*norm$($v_{}1u$ , inf); /, upper bound for norm($E$ , inf)
setround(0)
if norm-B $<1$
$s$ . detP $*prod(sign(diag(U)))$ ;
else




8 abs $(L)*$ ( $abs$ (U)*ones $(n,$ $1)$ ) fastinvnorm ,
, $O(n^{2})$ flops ,
.
, Matlab ( INTLAB
).
3.8 $\det(A)$
function $s$ . fastvdet (A)
$n$ . length(A); Eps . 2 $-63$ ;
[L,U, $P$] $\in 1u(A)$ ; $P$ . sparse (P);
detP . det (P);
$c\cdot fastinvn\circ rm(L.U)$ ; /. 2
setround $(+1)$
gam . $n*Eps/-(n*Eps-1)$ }
$r$ . (gam $*c$ ) $*$ (abs $(L)*(abs$ (U)*one$s(n,$ $1))$ );
norm-E . norm($r,i$nf); $/_{1}$ upper bound for norm($E$ , inf)
if norm-B $<1$
du . prod$(1+r)$ ;
setround $(-1)$
dl $\epsilon$ prod$(1 -r)$ ;
setround(0)
$dn$ infsup (dl, du) ; /. dl $<$. det $(I+B)<\Leftrightarrow$ du
$s$ . detP $*prod(intval(diag(U)))/dj$
else
setround(0)
error (‘ A is too ill-conditioned. ’)
end
return










, ( 3.8: $fastvd\epsilon t$)
. , Intel Pentium $M(1.2GHz)$ CPU ,
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Matlab R2006a .
Rump ( 2.1: vdet)
. , (11) $[3, 5]$ ,
$|LU-PA|$ $[3, 5]$
setround $(-1)$
Tl $\epsilon L*U-P*A$ ;
setround $(+1)$
Tu . $L*UP*A$ ;
Tu . max (abs (T1), abs (Tu));
robustvdet , .
, , 3.7 (fast $\epsilon ig\det$ )
. . $s=\llcorner s,\overline{s}$] ,
rad$(s)/mid(s)$ . ? mid$(s)$ $:=(\overline{s}+\underline{s})/2,$ $rad(s)$ $:=(\overline{s}-\underline{s})/2$ .
, $n=1OO,$ $500$,1000, 2000 , $A$ [-1, 1]
1, 2 . , $A$ $10^{2}\sim 10^{4}$
. , vdet .
1: ( )
2: (rad$(s)/mid(s)$ )
, , (fastdet) Rump (vdet)






. $\Vert A^{-1}\Vert$. $|LU-PA|$
, $r$ . , Rump , $n$
, .
, $n=100$ , $A$ $10^{2}$ $10^{14}$
3 . , Higham [2] randsvd .
3: (rad$(s)/mid(s)$ ), $n=100$
, fastvd $t$ ,
vdet $10^{3}$ . , robustvdet ,
vdet .
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